IHEP 99-12 
hep-ph/9903344 



Vector-like family extension 
of the standard model and 
the light quark masses 
and mixings 



Yury F. Pirogov 1 
Oleg V. Zenin 

Institute for High Energy Physics, 
Protvino, RU-142284 Moscow Region, Russia 

Moscow Institute of Physics and Technology, 
Dolgoprudny, Moscow Region, Russia 

Abstract 

The standard model extended with the pairs of the vector-like families 
is studied. The model independent analysis for an arbitrary case and 
an explicit realization for the case with one pair of the heavy vector- 
like families are considered. The mixing matrices of the light quarks 
for the left- and right-chiral charged currents, as well as those for the 
flavour changing neutral currents, both the Z and Higgs mediated, are 
found. 
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1. Introduction Are there extra families in the standard model (SM) or 
not this is the question. A recent two- loop renormalization group analysis [1] 
of the SM shows that subject to the precision experiment restriction on the 
Higgs mass, M H < 200 GeV at 95% C.L. [2], the forth chiral family, if 
alone, is excluded. 2 In fact, it does not depend on whether this extra family 
has the normal chiral structure or the mirror one. But as it is noted in the 
Ref. [1], a pair of the opposite chirality families with the relatively low Yukawa 
couplings evades the SM self-consistency restrictions and could still exist. In 
order to conform with observations these extra families, which otherwise can 
be considered as the vectorial ones, should get large direct masses and to 
drop out of the light particle spectrum of the SM in the decoupling limit. 
Nevertheless, at the moderate masses, say of order 1 TeV or so, such families 
could lead to observable corrections to the SM interactions through mixing 
with the light fermions. 

The various vector-like fermions are generic in many extensions of the 
SM like the superstring and grand unified theories, composite models, etc. 
Many issues concerning those fermions, both the electroweak doublets and 
singlets, the latter ones of the up and down types, were considered in the 
literature [4], [5]. On the other hand there are numerous studies of the n > 3 
chiral family extensions of the SM [6], [7]. Some topics concerning the SM ex- 
tensions with the vector-like families are studied in Ref. [8]. But the problem 
of the SM quark masses and mixings in the presence of the extra vector-like 
families have not yet found its full model independent consideration, and it 
is studied in the current paper. We present both the model independent 
analysis for the general case and an explicit realization for the case with a 
pair of the heavy vector-like families. 

2. Arbitrary number of the vector-like families The most general 
content of the SM families consisting of the SU(2)w x U(l)y doublets and 
singlets in the chiral notations is tiQl + mQ' R , where Ql = (qL,u c L ,d c L ) and 
Qr = {q'r-i u'r, d'ft) . The symbols with the hat sign designate quarks in the 

2 More conservative restrictions m H < 262 GeV or M H < 300 GcV at 95% C.L., 
respectively, from the first and second papers of Ref. [3] though render this conclusion 
somewhat less reliable, nevertheless do not invalidate it. 
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symmetry/electroweak basis where, by definition, the SM symmetry struc- 
ture is well stated. Here n > 3 is the number of chiral families, similar 
in their chiral and quantum number structure to three ordinary families of 
the minimal SM. m > means the number of the mirror conjugate families 
with the normal quantum numbers, or in other terms, the charge conjugate 
families with the normal chiral structure. In the more traditional left-right 
notations, one should substitute: Ql — > {QL,UR,dn) and Qr — > (q' R , u' L , d' L ) . 

In general, quarks gain masses from two different physical mechanisms: 
that of the SM Yukawa interactions and that of a New Physics resulting in 
the SM invariant direct mass terms. Being chirally unprotected the latter 
ones should naturally be characterized by a high mass scale M, M v, with 
v being the SM Higgs vacuum expectation value. In the symmetry basis the 
kinetic, Yukawa and direct mass Lagrangian has the following most general 
form: 

£ = iqipqL + %ur$ur + id R pd R 
+ ^'rPq'r + iu' L pu' L + id' L pd' L 

-(JIY u ur<P c + T L Y d dR<P + ti r L Y u 'q' R ^ + ~d\Y d 'q' R 4> ] + h.c.) 
-(j~ L Mq' R + W L M u 'u R + J L M d 'd R + h.c.) , (1) 

where Tp = is the SM covariant derivative and <f> is the Higgs doublet 

and <fi c is the garged conjugate one. In Eq. (1), Y and Y' are, respectively, 
the square n x n and m x m Yukawa matrices; M and M' are, respectively, 
the rectangular n x m and m x n direct mass matrices. 

We generalize the parameter counting for the chiral families of Ref. [7] 
to the case with the extra vector-like families (VLF's). It goes as is shown 
in Table I. Here G is the global symmetry of the kinetic part of the La- 
grangian (1). It is broken explicitly by the mass terms, only the residual 
symmetry H = U(l) of the baryon number being left in the general case 
we consider. Hence, the transformations of G/H can be used to absorb the 
spurious parameters in Eq. (1) leaving only the physical set M. v h ys of them. 
Of the physical moduli, the 2(n + m) ones are the physical masses, the rest 
being mixing angles. The last two lines in Table 1 present the physical pa- 
rameters for the minimal SM and for its extension with a pair of the normal 
and mirror families. This case will be considered in detail further on. 

Let us now redefine collectively quarks in the symmetry basis 
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Table 1 Parameter counting in the symmetry/electroweak basis. 



Couplings 


Moduli 


Phases 


and symmetries 






•yu -yd y uI 


2 (n 2 + m 2 ) 


2 {n 2 + m 2 ) 


M. M u ', M d ' 


+3 nm 


+3 nm 


G = U{nf x U{mf 


— §[n(n — 1) + m(m — 1)] 


-|[n(n + 1) + m(m + 1)] 


H=U(1) 





1 


Mph ys (n,m) 


|(n + m){n + m — 1) 


|(n + m — 2)(n + m — 1) 




+2 nm + 2 (n + m) 


+2 nm 


M^ ys (3,0) 


6 + 3 = 9 


1 


M phys {A, 1) 


10 + 18 = 28 


14 



<i x and these in the mass basis, i.e. the quark eigenstates with M. p h ys being 
diagonal, as k x = u x , d x (x — L, R). The bases are related by the unitary 
(n + m) x (n + m) transformations 



with the ensuing bi-unitary mass diagonalization 

U?M k U K R = M K diag = diag (m K f , M K 4 , . . . , M\ +m ) 



(2) 



(3) 



In equations above, the indices A = Al,Ar; Al = 
1, . . . , n + m are those in the symmetry basis, and F 



1, . . . ,n; A R = n + 
-- /,4, ...,n + m; f = 



1,2,3 are indices in the mass basis. It is assumed that m K f «M 4 , . . . , M 
The matrices [/* satisfy the unitarity relations 



n+m- 



and 



u?i L m + u?i R m = i , 



(4) 



(5) 



were II, Ir are the projectors onto the normal and mirror subspaces in the 
symmetry basis: 



h = diag(l 1 _ : ^;0 1 _ : _ I 0) , 

n m 

I R = diag(0,...,0;l,...,l) 



(6) 
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with II + Ir — I and I 2 = I x . Let us also introduce their transforming to 
the mass basis 

X x = U?I X UZ . (7) 

(k — u, d and x = L, R). Clearly, X* are Hermitian and satisfy the projector 
condition: X* 2 = X* (but note that X£ + X£ ^ I in the notations adopted). 
Now, the charged current Lagrangian is 

-C w = -^w;Y.^ V xd x + h.c. (8) 

and the neutral current one is 

-Cz= 9 -Z»Y,^N«k x , (9) 

where c = cos 9w, with 9\y being the Weinberg mixing angle. The corre- 
sponding quark mixing matrices for the charged currents are: 

V x = U u x ] I x U d x , (10) 
and for the neutral currents with the operator T 3 — s 2 Q: 

Here T 3 K is the 3rd component of the electroweak isospin for k = u,d and 
Q1,r = Q K I, with Q K being the corresponding electric charge; s = sin9w- 

The charged current mixing matrices Vl and Vr play the role of the 
generalized CKM matrices. But contrary to the minimal SM case, they as 
well as the neutral current mixing matrices N£ are non-unitary. Namely, one 
gets by the unitarity relations (4) 

v x vl = jq, 

V^V X = X d x , (12) 

where X£ (X£ ^ I in general) are given by Eq. (7). 

It is seen that the neutral current matrices N£ are not independent of 
the charged current ones V x . In fact, one can convince oneself that V x and 
the diagonal mass matrices M!\ iag suffice to parametrize all the fermion in- 
teractions in a general class of the SM extensions by means of the arbitrary 
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numbers of the vector-like isodoublets and isosinglets [5]. Indeed, in the case 
at hand using the unitarity relations (5) one gets for the Yukawa Lagrangian 
in the unitary gauge 

~£y = ^Y,^{ X lM% ag -2XlM% ag X^M% ag X^ R 

+ J2*EM K diag K R + h.c. , (13) 

K 

H being the physical Higgs boson. It follows from the above expression 
and Eqs. (9), (11) that all the flavour changing neutral currents are induced 
entirely by the lack of unitarity of the charged current mixing matrices V x . 
In the case with only the normal families (X£ = /, X R = 0) the usual SM 
expressions for Cw, C-z and Cy are recovered, the two latter ones being 
flavour conserving. 

We propose the following prescription for the model independent paramet- 
rization of the V x . The problem is that they are non-unitary and thus are 
difficult to parametrize directly. So, the idea is to express them in terms of 
a set of the auxiliary unitary matrices. First of all, note that in absence of 
any restrictions on the Lagrangian the unitary matrices U£ in Eq. (2) would 
be arbitrary. Now, an arbitrary (n + m) x (n + m) unitary matrix U can 
always be uniquely decomposed as U = U\ nxn U\ mxm U\ nxm . Here U\ nxn is 
a unitary matrix in the nx n subspace. It is built of the n 2 generators. Sim- 
ilarly, U\ mxm is the restriction of U onto the m x m subspace, and it is built 
of the m 2 generators. And finally, U\ nxm means a unitary (n + m) x (n + m) 
matrix built of the 2nm generators which mix the two subspaces. 

Now, by means of the symmetry basis transformations G of the Table 1 
one can always put, without loss of generality, the matrices [/* to the form 



Ul 


= ui\ 


nxm 7 




= u u R 


\nxrn i 


u d L 


= ut\ 


TJ d \ 

nxn <J L\nxm j 


U d R 


= K 


1 TJ d \ 

\mxm ^ R \nxm 



(14) 



This representation includes six auxiliary unitary matrices. Clearly, they 
depend on the [n{n — l)/2 + m{m — l)/2 + 4mn] moduli and [n(n + l)/2 + 
m(m + l)/2 + 4mn] phases, and these numbers are redundant. But the nm 
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moduli and the same number of phases can be eliminated through the nxm 
matrix constraint 

hU u L M u diag U u R U R = I L U d L M d diag U d R ] I R . (15) 

The latter follows from the equality of the direct mass matrices M in Eq. (1) 
for the up and down quarks, and it includes additionally the 2{n + m) in- 
dependent moduli which enter A4 diag and Ai diag - By means of the Eq. (15) 
one can express, e.g., one of the U£\ nxm in terms of all other matrices. And 
finally, the 2(n + m) — 1 phases can be removed via the residual phase redef- 
inition for the quarks in the mass basis. Putting all together, one can easily 
verify that the total number of the independent parameters is precisely as 
expected from the Table 1. 

Having parametrized the auxiliary unitary matrices, one gets for the V x 

\r 77 u t| T Tjd\ Tjd\ 

V L — u L \nxm 1 L u L\nxn u L\nxm ; 

nxm mxm u a R \ nxm 

(16) 

and for the X£ 

vk _ ttkU T U k \ (]7) 

— X l nXTn X X l nxm ' V / 

When eliminating the 2(n + m) — 1 redundant phases one can always take 
such a choice as to render the diagonal and above-the-diagonal elements of 
the Vl (or Vr) to be real and positive. 

This gives the principal solution to the problem. When there are only 
the normal families (m = 0) the usual parametrization in terms of just one 
unitary matrix Uf\ nxn is readily recovered. For the case with a pair of VLF's 
(n — 4, m — 1) we got also the explicit expressions of all the relevant 
quantities in terms of a minimal common set of the independent arguments 
parametrizing the mass matrices (see below). 

3. A pair of the heavy vector-like families The mass/flavour basis 
quantities, J^Qf ag and Vl,r, are phenomenological by their very nature. They 
reflect an obscure mixture of contributions of the quite different physical 
origin. In particular, they shed no light on the mixing magnitudes. On the 
contrary, the parameters in the symmetry basis, i.e. Yukawa couplings and 
the direct mass terms M and M u ', M d have the straightforward theoretical 
meaning. So, we express the former ones in terms of the latter ones. This 
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permits us to expand upon the idea of the relative magnitude of the various 
mixing elements in terms of the small quantity v/M. 

The asymptotic freedom requirement for the SU(2) W electroweak inter- 
actions results in the restriction that the total number of the electroweak 
doublets should not exceed 21, and thus the total number of the families is 
(n + m) < 5. Hence the maximum number of the extra VLF's allowed by 
the asymptotic freedom is two, the case we stick to in what follows. 

Using here the global symmetries G of the Table 1 one can bring, without 
loss of generality, the quark mass matrices in the symmetry basis to the 
following canonical form 



/ m 



M K 



k9 
f 
Kg 



V 



Kl 

m K 4 



M- 





M 



\ 



(18) 



m K 5 ) 



where M, M Rl are the real scalars and \i 



Kl 
V f, 



m 



m 



are in general 



complex. Here the lower case characters generically mean the masses of the 
Yukawa origin (~ Yv). Let us remind that M in Eq. (18) is common for 
both M. u and A4 d . The three-dimensional matrices m K are Hermitian and 
positive definite, and one of them, e.g. m u , can always be chosen diagonal. 
Under such a choice one can simplify further: 



Mq = U^M K U£, 



(19) 



where 



t 


m K i 








Kl 

fx 1 





\ 







m K 2 





Kl 

h 1 2 















m K 3 


Kl 

h 1 3 











/i k2 


/i k3 




M 




V 











M Kl 


m K 5 


/ 



(20) 



with a redefinition of fi K ^ and fi K 'f, and with the diagonal elements m K f being 
real and positive. The corresponding unitary Utf are given by 



TJU 
Tjd 



= I 




(21) 
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Vc being the 3x3 CKM matrix and I2 the 2x2 identity matrix. The mass 
matrices of Eq. (20) possess the residual symmetry U (l) 6 which is reduced to 
U(l) 5 by the baryon number conservation. So, one can use phase redefinitions 
for two of the light d quarks which leave just one complex phase in Vc in 
accordance with the decoupling limit requirement. 

It is seen from Eqs. (20) and (21) that in this parametrization the total 
number of the physical moduli is 10 + 15 + 3 = 28 as it should be according to 
the Table 1. What concerns the phases, their number is in general 16+1 = 17, 
i.e. three of them are spurious and can be removed. E.g., by means of the 
residual phase redefinition for the three light u quarks one can make ji u ^ 
or /j, u 'f to be real, or put some other three relations on their phases. This 
exhausts the freedom of the phase redefinitions, leaving only the physical 
parameters. 

Solving the characteristic equations det (M.qM.^ — m K2 I) = one gets 
for the light quark physical masses in the first order (i.e. up to the relative 
corrections 0(y 2 /M 2 ) to the leading order): 

"J = m ? (1 - (}w + %)) + wh^x'x'f + h - c -> < 22 > 

with the superscripts k = u, d being suppressed. Here it is supposed that 
M ~ M' but M 7^ M' in general. It is seen that corrections to m 2 are 
proportional to mj themselves, i.e. the light quarks are chirally protected. 
This property drastically reduces the otherwise dangerous corrections to the 
masses of the lightest u and d quarks at the moderate M. On the other hand, 
it means that the masses of the lightest quarks can not entirely be induced 
by an admixture of the vector-like families: if to/ = then to/ = 0, too. 

Once the physical masses are known, one can obtain the matrices U1 and 
Tift of the bi-unitary transformation (3). With account for Eq. (10) one gets 
hereof for the light quark mixing matrix Vl 

= ^5(1 - 2^(n«{ + n*D) - ± J2( P u rVcl + V c )ft) (23) 
and similarly for Vr 

Vr > = s4^"' r/? • (24) 
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where 



d 



rif = 



^(m) - \m 5 \ 2 )(m f ^*fi' g - m gl **n' f ) + k f (m ff i' g - ^fr/^m* 

K - m /)( m //4 - W m *^ f *) 
r(kf + m 2 \fi f \ 2 ) - mfm 5 fi f fi' f 



M_ 

M 



m f (m f n' f - Mlm^f*) 



M' i 
M 



(/cj + m 2 \^ | ) — mfm 5 fj,t fj,'j 



m f (m f fi' f - ^mZfif*) 



(25) 



with fcj = M 2 (m 2 — mj). The p', n' are obtained from p, n, respectively, by 
substituting <-> /x^*, 7774 <-> m^, 7775 <-> 777,5, ^ ^f'- All these auxiliary 
parameters are in general of order O(M ). 

The charged current Lagrangian C w is given by Eq. (8). The Z mediated 
neutral current Lagrangian C z is as given by Eqs. (9), (11) with 



x 4 = s f- jppCp° 



and 



Y 9 
R f 



M 



,2^5 P 5 



The neutral scalar current Lagrangian takes the general form 
-jCh = ^^ u l(M k ~ M K dir )U« k r + h.c. 



(26) 
(27) 

(28) 



with the direct mass matrices 

M K dir ~- 



( 3 \ 

M 
\ M K ' / 



(29) 



where 3 is the 3x3 zero matrix. As a consequence of the substraction of the 
direct mass terms, the total mass and Yukawa matrices are not diagonalizable 
simultaneously in the same basis. In the mass basis, the Higgs interaction 
Lagrangian is non-diagonal 



-C 



H 



H 



kEH k k r + h.c. , 



(30) 
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with the light quark mixing matrix (indices k = u, d being omitted) 

«5 = m f s f - {pi vi + pf pi) , (si) 



where 



(k f + |^| 2 (m} - |m 5 | 2 )) {^ml + ^m f ^ fi f f {m} 



\m 5 



PA ~ ^ m t (m fl *' f - gmitf (32) 

with p'{ being obtained from it by the usual substitutions. 

One should stress that for the light quarks all the off-diagonal components 
of the Lagrangian Cw (beyond that of the minimal SM), as well as those of 
the Cz and Ch are suppressed by the ratio v 2 /M 2 , and it does not depend 
on the details of the mass matrices. 

4. Conclusions We have shown that the mere addition of a pair of the 
VLF's drastically changes all the characteristic features of the minimal SM. 
First of all, the generalized CKM matrix for the left-handed charged currents 
ceases to be unitary. Moreover, this non-unitarity takes place in the whole 
flavour space but not only in the light quark sector which would occur for 
adding only the normal families. Further, there appear the right-handed 
charged currents, the flavour changing neutral currents, both the vector and 
scalar ones, all with the non-unitary mixing matrices and with a number of 
CP violating phases. 

Due to decoupling under the large direct mass terms M, the extended 
SM definitely does not contradict to experiment in the limit M >> v. But 
at the moderate M > v , the addition of a pair of the VLF's would make 
the model phenomenology, especially that of the flavour and CP violation, 
extremely reach. It is to be seen what is the real experimentally allowed 
region in the parameter space for the VLF's and what are the possibilities to 
observe their effects in the future experiments. We hope that our paper will 
stimulate further study in this direction. 
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